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Abstract
We calculate ratios of higher-order susceptibilities quantifying fluctuations in the number of net protons and in the
net-electric charge using the Hadron Resonance Gas (HRG) model. We take into account the effect of resonance decays,
the kinematic acceptance cuts in rapidity, pseudo-rapidity and transverse momentum used in the experimental analysis,
as well as a randomization of the isospin of nucleons in the hadronic phase. By comparing these results to the latest
experimental data from the STAR collaboration, we determine the freeze-out conditions from net-electric charge and
net-proton distributions and discuss their consistency.
Introduction
Significant theoretical activity, aimed at understand-
ing the properties of matter under extreme conditions, has
been triggered recently by the heavy-ion collision experi-
ments conducted at RHIC and the LHC, in which the de-
confined phase of QCD matter, the Quark-Gluon Plasma,
is created. The transition from the hadronic to the de-
confined, partonic phase is an analytic crossover at zero
baryo-chemical potential µB [1] with a transition temper-
ature Tc determined in lattice QCD simulations [2]. This
crossover feature also extends to small values of µB . The
possibility that the transition becomes first-order for larger
µB , which would imply the existence of a critical point, is
currently investigated by the beam energy scan program
at RHIC, soon to be followed by the CBM experiment at
FAIR.
Event-by-event fluctuations of the net-electric charge
and net-baryon number, which are conserved charges
of QCD, are expected to become large near a critical
point [3, 4]: for this reason, they have been proposed as
ideal observables to verify its existence and to determine
its position in the QCD phase diagram [5–8]. Experimen-
tal results for these measures were recently reported for
several collision energies [9–12]. In addition, as a conse-
quence of the increasing precision achieved in the numeri-
cal simulations, it is becoming possible to extract the che-
mical freeze-out parameters (i.e. freeze-out temperature
Tch and corresponding baryo-chemical potential µB,ch)
from first principles, by comparing the measured fluctua-
tion observables to corresponding susceptibility ratios cal-
culated in lattice QCD [13–17]. When compared to ex-
perimental data from heavy-ion collisions, present lattice
simulations have, however, their limitations: they cannot
take the experimental acceptance cuts into account and
they are available only for small chemical potentials. As a
consequence of the latter, only the lowest order suscepti-
bilities are available on the lattice at finite µB . Moreover,
the experimental restriction of net-baryon to net-proton
number measurements cannot be realized on the lattice.
Recently, fluctuation observables have been investi-
gated in transport approaches [18, 19] as well as in various
baseline studies within the HRG model [20–24]. Calcu-
lations based on the HRG model in chemical equilibrium
reproduce the equilibrium lattice QCD results for the su-
sceptibilities and their ratios in the hadronic phase rea-
sonably well [16, 25]. Furthermore, the model allows to
expand the range of µB-values and consequently to cal-
culate ratios of higher order susceptibilities at finite µB ,
as well as to implement kinematic acceptance cuts in ra-
pidity y, pseudo-rapidity η and transverse momentum pT ,
thus, providing a valuable tool to extract the freeze-out
conditions from the experimental data. In the past, sta-
tistical hadronization models (SHMs) have been used to
analyze experimental data on particle production by com-
paring the data to thermal abundances calculated in HRG
model approaches for all collision energies ranging from
AGS to the LHC, see e.g. [26–30] and references therein.
The freeze-out temperatures determined in this way lie,
however, at the upper limit of the uncertainty band of the
lattice QCD results for Tc [2], which is most pronounced
for the highest collision energies.
In this paper, we calculate ratios of susceptibilities
quantifying fluctuations in the number of net protons and
in the net-electric charge within the HRG model: our
study includes the effects of resonance decays and isospin
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randomization for the nucleons, as well as kinematic ac-
ceptance cuts in agreement with the experimental analysis.
We extract new freeze-out points in the (T, µB)-plane of
QCD matter and compare them with the freeze-out curve
determined in Ref. [28]. Finally, we discuss the issue of the
consistency between the freeze-out parameters obtained
from the analysis of net-electric charge and net-proton fluc-
tuations. We find that it is possible to use a combined
analysis of the lowest-order cumulants of the net-electric
charge and the net-proton distributions in order to extract
common freeze-out conditions Tch and µB,ch. Possible lim-
itations of this method are addressed.
The HRG in partial chemical equilibrium
The HRG model provides a suitable description of the
bulk properties of hadronic matter in thermal and chemical
equilibrium, see e.g. [31, 32]. In the thermodynamic limit,
the pressure as a function of temperature T and all hadron
chemical potentials µk is given by
p(T, {µk}) =
∑
k
(−1)Bk+1 dkT
(2pi)3
∫
d3~p ln
[
1+
(−1)Bk+1 exp(−(
√
~p 2 +m2k − µk)/T )
]
, (1)
where the sum is taken over all hadronic states k, includ-
ing resonances, in the model (baryons and anti-baryons
being summed independently). In Eq. (1), dk and mk
denote the degeneracy factor and the mass, respectively,
and µk = BkµB + QkµQ + SkµS is the chemical poten-
tial of the species k in chemical equilibrium. Bk, Qk
and Sk are the respective quantum numbers of baryon
charge, electric charge and strangeness, while µB , µQ and
µS denote the chemical potentials associated with the net
densities of baryon number, nB , electric charge, nQ, and
strangeness, nS , respectively. The particle number density
nk = Nk/V of species k follows from the thermodynamic
identity nk=(∂p/∂µk)T as
nk(T, µk) =
dk
(2pi)3
∫
d3~p×
× 1
(−1)Bk+1 + exp ((√~p 2 +m2k − µk)/T ) (2)
so that the above net densities are given by nX =∑
kXknk for X = B,Q, S.
The actual conditions present in a heavy-ion collision
are, however, more complex: first, the chemical potentials
µB , µQ and µS are not independent, but related to T as
well as to each other via the conditions
nS(T, µB , µQ, µS) = 0
nQ(T, µB , µQ, µS) = 0.4nB(T, µB , µQ, µS) . (3)
Here, the factor 0.4 in Eq. (3) accounts approximately for
the ratio of protons to baryons in the colliding nuclei, while
nS = 0 reflects the initial net-strangeness content.
Second, during its expansion the created matter does
not maintain chemical equilibrium, since the time scales
for the necessary inelastic scatterings among the hadrons
are typically much longer than the duration of the hadro-
nic stage [33]. While hadrons are assumed to be formed in
chemical equilibrium at the transition temperature Tc, for
not too small temperatures T ≤ Tch ≤ Tc only the particle-
number preserving interactions mediated by hadronic res-
onance decay and regeneration (e.g. pipi → ρ → pipi,
Kpi → K∗ → Kpi, ppi → ∆ → ppi etc) continue to oc-
cur with sufficient rate. The hadronic matter is, therefore,
in a state of partial chemical equilibrium [34], because the
resonances are still in chemical equilibrium with their de-
cay products, whereas the multiplicity ratios of hadrons,
which are stable against strong decay during the hadronic
stage, are frozen out at Tch. The chemical potentials of the
resonances R become functions of the chemical potentials
of all stable hadrons h via µR =
∑
h µh〈nh〉R and, conse-
quently, the final particle number of a hadron species h is
given by Nˆh = Nh +
∑
RNR 〈nh〉R, where the sum runs
over all R decaying into h, Nh and NR denote the pri-
mordial particle numbers of h and R, and 〈nh〉R gives the
average number of h produced in the decay of R. As dis-
cussed in Ref. [24], this connection can easily be extended
toward higher-order susceptibilities in order to study the
average influence of resonance decays on the fluctuations
in the final particle numbers.
In this paper we consider, in line with Ref. [35], a HRG
model containing states up to a mass of 2 GeV as, for ex-
ample, listed in the Particle Data Book [36]. We consider
as stable particles the mesons pi0, pi+, pi−, K+, K−, K0,
K
0
and η and the baryons p, n, Λ0, Σ+, Σ−, Ξ0, Ξ− and
Ω− as well as their corresponding anti-baryons. This im-
plies that, as in the experimental analysis, feed-down from
weak decays is explicitly excluded in our approach.
When applying the experimental acceptance cuts, we
modify the HRG model integrals in the following way:
nk(T, µk) =
dk
4pi2
∫ ηMAX
−ηMAX
dη
∫ pMAXT
pMINT
dpT×
× p
2
TCosh[η]
(−1)Bk+1 + exp((√p 2TCosh[η]2 +m2k − µk)/T ) (4)
in the case of cuts on the pseudo-rapidity η (for net-electric
charge, i.e. for all charged particles) and
nk(T, µk) =
dk
4pi2
∫ yMAX
−yMAX
dy
∫ pMAXT
pMINT
dpT×
× pT
√
p2T +m
2
kCosh[y]
(−1)Bk+1 + exp((Cosh[y]√p 2T +m2k − µk)/T ) (5)
in the case of cuts on the rapidity y (for net protons).
Due to the setup of the HRG model, we can only apply
cuts on the momenta of the primordial resonances and of
the primordial stable hadrons, but not on those of the pro-
ducts of resonance decays. It has, however, been estimated
2
that the effect of acceptance cuts in rapidity on the decay
daughters should be in the percent range [37].
Furthermore the effect of radial flow on the measured
particle species in a limited transverse momentum range,
which might have been particularly important for the net
charge since there a composite of particle species with dif-
ferent mass is considered, has been estimated taking into
account the blastwave parameters extracted by STAR, and
found to be negligible due to the rather wide pT -window
of the measurement (0.2-2 GeV/c). This result is in agree-
ment with a similar previous study [23].
Results
In the following, we compare our HRG model calcula-
tions with the efficiency corrected experimental results for
the most central collisions (0−5%) published by the STAR
collaboration for net-proton1 [9] and net-electric charge
fluctuations [10]. The susceptibilities of conserved charges
are defined as
χBSQlmn =
∂ l+m+n(p/T 4)
∂(µB/T )l∂(µS/T )m∂(µQ/T )n
. (6)
Their relationship with the central moments of the con-
served charge multiplicity distributions is
mean : M = 〈N〉 = V T 3χ1 ,
variance : σ2 = 〈(δN)2〉 = V T 3χ2 ,
skewness : S =
〈(δN)3〉
σ3
=
V T 3χ3
(V T 3χ2)3/2
,
kurtosis : κ =
〈(δN)4〉
σ4
− 3 = V T
3χ4
(V T 3χ2)2
, (7)
where δN = N − 〈N〉. From the quantities in Eq. (7) the
following, to leading order volume-independent, ratios can
be defined:
σ2/M = χ2/χ1 , Sσ = χ3/χ2 ,
κσ2 = χ4/χ2 , Sσ
3/M = χ3/χ1 .
We calculate the net-proton fluctuations according to
the method presented in Ref. [24], where besides kinematic
acceptance cuts also resonance decays and regeneration be-
low the chemical freeze-out are taken into account. While
resonance decays feed the distributions of the primordial
protons and anti-protons, the regeneration of resonances
leads to a randomization of the nucleon isospin: the dom-
inant process is the regeneration of ∆(1232)-resonances
from the scatterings of nucleons with thermal pions. Sub-
sequently, these ∆-resonances decay into either the same
or the opposite isospin state, where neutrons are, however,
not detected experimentally. Consequently, additional
1The efficiency-corrected data for the lowest cumulant ratio
(χ2/χ1) for net-protons can be found on the public STAR webpage.
fluctuations in the net-proton number arise, which we in-
clude based on the formalism by Kitazawa and Asakawa
(KA) [38, 39].
Net-electric charge fluctuations are calculated based on
the most abundant charged particles, namely pions, kaons,
and protons as well as their anti-particles. Also here, pri-
mordial distributions are fed by resonance decays, but cor-
rections similar to the KA-corrections for the net-proton
number are not needed, because processes via intermediate
resonances conserve electric charge.
While the application of the experimental acceptance
cuts is straightforward in the net-proton case (where
0.4 GeV/c < pT < 0.8 GeV/c and |y| < 0.5), it is more
difficult in the case of net-electric charge. Here, the gene-
ral cuts are 0.2 GeV/c < pT < 2 GeV/c and |η| < 0.5, but
in order to suppress spallation protons, all protons (and
anti-protons) with pT < 0.4 GeV/c are removed in the
experimental analysis. Due to correlated resonance decay
contributions to (anti-)protons and pions or kaons, e.g.
∆++ → p + pi+ or Λ0(1520) → p + K−, which are given
by a single integral in the HRG model calculation, we can-
not cut the resonance contribution to the (anti-)protons in
the same way without also affecting the contributions to
the pions and kaons. We thus apply the lower pT -cut of
0.4 GeV/c only to the primordial protons and anti-protons.
In order to extract the freeze-out temperature and
baryo-chemical potential for each collision energy, we have
simultaneously analyzed two experimentally measured sus-
ceptibility ratios. With the resulting freeze-out conditions
(Tch, µB,ch) we can calculate the remaining susceptibil-
ity ratios, which gives us a cross-check on the reliability
of the determined freeze-out parameters. The large ex-
perimental uncertainties in the higher-order susceptibility
ratios of the net-electric charge χ3/χ2 and χ4/χ2 do not
allow to meaningfully constrain the freeze-out tempera-
ture and baryo-chemical potential from net-electric charge
fluctuations alone. Moreover, for the net protons, as al-
ready noted in Ref. [24], it is not possible to simultane-
ously reproduce σ2/M and Sσ for all beam energies: this
might point at a limitation in our approach, for example,
due to an overestimate of the KA-corrections, which max-
imize the impact of isospin randomization. Several other
effects that might impact the higher order moments have
also not yet been considered, such as volume fluctuations
[40], exact (local) charge conservation [18, 41] or repulsive
van-der-Walls forces among hadrons [22]. Finally, the dis-
crepancy in particular at larger µB , could also hint at the
onset of chiral critical fluctuations in the higher moments
(skewness and above) [42, 43].
We therefore perform, first, a combined analysis of the
ratios with the smallest experimental uncertainty, namely
σ2/M for net-electric charge and for net protons. In addi-
tion, we consider an alternative analysis using higher-order
cumulants, namely σ2/M for net-electric charge and Sσ
for net protons, and discuss the difference in the extracted
freeze-out parameters between these two choices.
In Fig. 1, we show the experimental data as a function
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Figure 1: (Color online) Comparison between HRG model results
and experimental data for the most central collisions (0− 5%) (from
Refs. [9, 10]) for σ2/M of net-electric charge (blue, upper symbols)
and net protons (red, lower symbols). The experimental data have
been used in the HRG model in order to extract a freeze-out tem-
perature and baryo-chemical potential for each collision energy.
of collision energy per nucleon pair
√
s (from Refs. [9, 10])
together with our results for the first choice of fluctua-
tion observables, i.e. the combined σ2/M datasets. We
find that it is possible to extract, for each collision en-
ergy, a freeze-out temperature and baryo-chemical poten-
tial, which allow to simultaneously reproduce the ratios of
the lowest-order susceptibilities for net protons and net-
electric charge. The smallest collision energy we consider
is
√
s = 11.5 GeV: below this energy we expect that the
isospin randomization is not realized [24, 38, 39]. We note
that for the determination of these freeze-out parameters
the inclusion of the KA-corrections for σ2/M of net pro-
tons, in accordance with Ref. [24], is essential.
In Fig. 2, we show the freeze-out temperature (upper
panel) and baryo-chemical potential (lower panel) corre-
sponding to this set of analyzed cumulant ratios, as func-
tions of
√
s. The precision in the experimental results
allows a rather precise determination of these parameters.
The error bars shown in Fig. 2 are based on HRG model
calculations using the upper and lower uncertainty limits
in the experimental data. Our values for Tch are lower
than those found in Ref. [28]: even for the highest RHIC
energies, our results are close to the lower bound for Tc
determined in lattice QCD simulations [2]. This is evident
in Fig. 3, where we show a comparison between the freeze-
out points in the (T − µB) plane obtained in the present
analysis and the curve of Ref. [28].
Using these freeze-out conditions, we now proceed to
calculate the higher-order susceptibility ratios χ3/χ2 and
χ4/χ2 for net protons and net-electric charge. The results
are shown in the different panels of Fig. 4 in comparison
with the experimental data. It is evident that, with the
obtained freeze-out conditions, one can reproduce all ex-
perimental results for the net-electric charge fluctuations
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Figure 2: Freeze-out temperature (upper panel) and baryo-chemical
potential (lower panel) as functions of the collision energy, extracted
from the data in Fig. 1. The corresponding values are listed in Ta-
ble 1.
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Figure 3: (Color online) Freeze-out parameters in the (T − µB)
plane: comparison between the curve obtained in Ref. [28] (red band)
and the values obtained from the combined analysis of σ2/M for net-
electric charge and net protons (blue symbols) presented here.
(left panels). As already mentioned, the agreement be-
tween our results and the experimental data for the net-
proton Sσ becomes less accurate with decreasing collision
energy (upper right panel). For κσ2, our HRG model can-
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not reproduce the anomalous depletion at the lower colli-
sion energies (lower right panel), but is in good agreement
with the data for the very low and very high
√
s (notice
that this depletion disappears in more peripheral collisions
and can be described in central collisions by uncorrelated,
i.e. independent, particle production when the experimen-
tally determined proton and anti-proton distributions from
STAR are used [9]).
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Figure 4: (Color online) Comparison between HRG model results
for χX3 /χ
X
2 and χ
X
4 /χ
X
2 , with X = Q (left) and X = B (right)
as functions of
√
s (blue crosses), and experimental data for the
most central collisions (0− 5%) from the STAR collaboration [9, 10]
(red diamonds). The HRG model results are calculated for our new
freeze-out conditions, listed in Table 1. In all panels, acceptance cuts
in the kinematics have been introduced, following the experimental
analysis.
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Figure 5: (Color online) Freeze-out parameters in the (T − µB)
plane: comparison between the values obtained by a combined anal-
ysis of σ2/M for net-electric charge and net protons (blue circles),
and the values obtained from σ2/M for net-electric charge and Sσ
for net protons (red squares).
In order to determine by how much the freeze-out con-
ditions need to be modified to reproduce the higher-order
cumulants for the net protons, we perform, as second
choice, a simultaneous analysis of σ2/M for the net-electric
charge and Sσ for the net protons. The result improves the
agreement with the measured Sσ, the values for σ2/M of
the net-proton distributions are, however, not described
particularly well. For the net-electric charge fluctuation
data the uncertainties are such that the alternate analysis
is still within experimental error bars.
The comparison between the freeze-out parameters re-
sulting from our two different calculations is shown in
Fig. 5. While for high collision energies the two parameter
sets are very similar, differences arise for smaller
√
s. In or-
der to be able to reproduce the higher-order cumulants, the
curvature of the freeze-out curve turns up for larger baryo-
chemical potential, which is opposite to lattice expecta-
tions. This points at an inconsistency between the HRG
model description of the lower- and higher-order cumu-
lants in the net-proton distributions, which might signal
the onset of chiral critical fluctuations in the higher order
cumulants at large µB [42, 43]. In order to test whether, in
the net-proton analysis, already the second order cumulant
could be affected, we have determined the σ2/(〈Np〉+〈Np¯〉)
ratio and found it to be consistent with unity for both,
the HRG model and the data, for all measured collision
energies. In addition, since the gross features of the parti-
cle distributions are given by their lower-order cumulants,
while higher-order cumulants are more sensitive to finer
details, such as excluded volume effects or volume fluctua-
tions, as well as to interactions in the late hadronic stage,
obtaining chemical freeze-out parameters from the analy-
sis of σ2/M for net-electric charge and net-proton number
is more reliable than using Sσ for the net-proton number.
The corresponding values for the freeze-out temperature
and baryo-chemical potential for the different collision en-
ergies are given in Table 1.
√
s [GeV] µB,ch [MeV] Tch [MeV]
11.5 326.7±25.9 135.5±8.3
19.6 192.5±3.9 148.4±1.6
27 140.4±1.4 148.5±0.7
39 99.9±1.4 151.2±0.8
62.4 66.4±0.6 149.9±0.5
200 24.3±0.6 146.8±1.2
Table 1: In this table we list the values of µB,ch and Tch at chemical
freeze-out, corresponding to the relative collision energies. These
values are based on our combined analysis of the data in Fig. 1.
Conclusions
In conclusion, our study shows that we can simulta-
neously describe the net-electric charge fluctuations and
the lower-order cumulants of the net-proton multiplic-
ity distributions measured at RHIC for collision energies
spanning over more than an order of magnitude (
√
s =
(11.5−200) GeV). We calculated these fluctuation observ-
ables within the HRG model including the experimental
5
acceptance cuts and the effects of resonance decays and
regeneration.
From a combined analysis of σ2/M for net-electric
charge and net-proton number, we obtain the freeze-out
conditions summarized in Table 1. Given the reported
uncertainties in the measured fluctuation observables, the
resulting freeze-out temperatures are constrained to bet-
ter than 5 MeV for
√
s > 11.5 GeV. With these freeze-
out values, the higher-order susceptibility ratios for net-
electric charge and net-proton number are reasonably well
reproduced. If one takes the experimentally given particle
samples as approximate representatives for the quantum
numbers of electric and baryon charge, similar studies in
lattice QCD yield a remarkable agreement for the collision
energy dependence of Tch and µB,ch [17].
We note that a useful cross-check of our extracted che-
mical freeze-out parameters can be provided through the
independent determination of the same parameters via a
common fit of standard SHMs to experimental particle
yields or ratios [27, 28, 44]. Preliminary results of mea-
sured particle ratios from the RHIC beam energy scan [45]
for all µB values analyzed here, yield, based on those
standard SHM fits, freeze-out temperatures ranging from
(140−160) MeV for √s = (7.7−200) GeV collisions when
using a common fit for all particles (including strange par-
ticles). At first glance, our parameters are below those ex-
tracted from the particle ratio fits as is also evident from
Fig. 3. In order to quantify this difference we show in Fig. 6
a comparison of particle ratios obtained with our parame-
ters and some standard SHM parameters to the properly
feed-down corrected particle ratios measured by STAR at
the highest RHIC collision energy [46].
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1
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pi
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−
Λ/pi−K
-
 /pi− Ξ−/pi− Ω/pi
−
Figure 6: (Color online) Comparison between STAR particle ratio
data for central events at
√
s=200 GeV [46] and HRG model results
for the specified chemical freeze-out parameters.
The overall agreement with the data is roughly equiva-
lent for both parameter sets. Our calculation significantly
improves on the (anti-)proton yield, but falls short for the
strange baryons. We note that the cumulant ratios of net
charge and net protons are pion and proton dominated,
which could be the reason that in our analysis the parti-
cle and fluctuation ratios yield consistently lower tempera-
tures for the light quark sector. Recent LHC data [47, 50]
seem to suggest a separation of chemical freeze-out param-
eters according to particle flavor, which is also supported
by the latest lattice QCD simulations [48] and sequential
SHMs [49]. A fit to the strange baryon over pion ratios
alone yields chemical freeze-out temperatures that are con-
sistent with the standard SHM fits [50]. In order to de-
termine the freeze-out parameters from fluctuation ratios
in the strange sector we anticipate that at least efficiency
corrected strange meson cumulants from the experiments
will be available soon.
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